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This paper blends Bayesian uncertainty about the fundamentals (expected dividend growth rate) and
the non-indiﬀerence to the timing of the resolution of uncertainty to suggest a potential resolution of
some of the quantitative asset pricing puzzles. To that end, it investigates an empirically-calibrated
artiﬁcial Lucas-tree economy with (i) recursive utility featuring a preference for early resolution of un-
certainty, and (ii) the aggregate dividends following an Itˆ o process the drift of which shifts between two
unobservable states at random times. Investors’ willingness to hedge against the changes in their own
uncertainty on the true state makes the asset prices (equities, ﬁxed income products and the real inter-
est rate) overreact to bad news in good times and underreact to good news in bad times. In addition,
the model is able to account for the salient features of observed prices in the ﬁxed-income markets such
as time-varying expected returns, volatility clustering and the term premium that changes the sign as
a function of the state variables.
Keywords : Asset Pricing; Term Structure of Interest Rates; Bayesian Uncertainty; Timing of Un-
certainty1 Introduction
This project explores some of the implications of (i) an unobservable dividend growth rate, and the
concomitant Bayesian uncertainty about this fundamental, and (ii) the preference for early resolution
of uncertainty, for the pricing of equities, ﬁxed-income products and the behavior of the real interest
rate in a general equilibrium. This is of interest because the empirically-calibrated canonical artiﬁcial
Lucas-tree economies fail to generate the quantitatively right asset price dynamics to explain such styl-
ized facts as the level and the time series properties of the real interest rate and asset risk premia,
volatility clustering, and asset price overreaction and underreaction to releases of macroeconomic news.
It is a deﬁning characteristic of expected dividend growth rate that it is unobservable; technically,
it is a latent variable. Furthermore, it is a well-known fact that the canonical preferences, that is, the
expected power utility, tightly link two critical, but absolutely unrelated, structural preference parame-
ters, the coeﬃcient of risk aversion and the elasticity of intertemporal substitution (EIS). One is about
the willingness to substitute across states of nature, and the other across time. Furthermore, the ex-
pected utility dictates that the timing of the resolution of uncertainty is irrelevant. In response to these
shortcomings, Kreps and Porteus (1979), Epstein and Zin (1989a,b) and Weil (1990) successfully de-
veloped so-called recursive preferences, later generalized to continuous-time stochastic setting by Duﬃe
and Epstein (1992a, 1992b). In light of this, why are all these ingredients jointly - an unobservable
expected dividend growth rate and recursive Epstein-Zin preferences - so conspicuously absent from
most intertemporal equilibrium models of asset prices1 ?
Our plan is to incorporate a latent expected dividend growth rate into a very simple artiﬁcial Lucas-
tree economy of the type pioneered by Veronesi (1999), assuming that (1) investors optimally learn the
dividend growth rate by observing the realized stream of dividends, and (2) they are endowed with the
recursive Epstein-Zin preferences. We expect, a priori, that this will make a diﬀerence for the following
reasons. When the growth rate of dividends is unobservable, changing at random times, investors are
1See Piazzesi and Schneider (2006) for a ﬁrst step in this direction although their model features adaptive rather than
Bayesian learning. In addition, our paper is closely related to Hung (1994). He also studies a Lucas-tree economy where
the fundamentals - consumption and dividends - follow a bivariate regime switching model, and investors are endowed
with recursive homothetic Epstein-Zin preferences. He sets his model in discrete time and solves for the price-dividend
ratio and the risk-free rate. One crucial diﬀerence between mine model and his is that in his model investors do not face
a signal-extraction problem, they do know the parameters of the regime-switching model, although an econometrician
does not. His model is therefore unsuited for addressing the issues of volatility clustering, time-varying risk premia and
the overreaction and underreaction to macroeconomic news. He does not investigate any term structure implications but
tests the ﬁrst two moments of the risk-free rate and ﬁnds that he can match them.
1faced with a non-linear ”signal extraction” problem as to the true state of the economy, and we suspect
that they are willing to hedge against changes in such an uncertainty. This in itself turns out to signiﬁ-
cantly enrich the asset pricing implications of the canonical Lucas-tree economy. However, what is even
more interesting is the actual interplay between the Bayesian uncertainty and the preference for early
resolution of uncertainty, giving rise a new time-varying ”timing risk premium” in expected returns on
assets. It is well-known that the recursive Epstein-Zin preferences lead to the ”timing premium” in
returns on assets [cf. Chew and Epstein (1989), Epstein and Zin (1989)]. What the ”signal extraction”
problem gives us is a time-variation in this premium. We expect, a priori, that the blend of these two
- Bayesian uncertainty and the preference for early resolution of uncertainty - to make a diﬀerence.
To facilitate comparison, we stay as close as possible to the speciﬁcation of the model described in
Veronesi (1999). It has been established that this framework does fairly well at accounting for certain
salient features of the equity prices. Using functional forms and parameter values that conform to
microeconomic studies and long-run observations, it accounts for a sizeable fraction of the conditional
volatility of equity returns. Further, the model is consistent with other phenomena, such as time-varying
expected returns, and overreaction and underreaction of equity prices to macroeconomic news. Never-
theless, it is apparent that the model does not do as well along some dimensions as it does along others.
First, it assumes that aggregate dividends follow a Brownian motion, and, as a result, may become
negative. Second, investors are endowed with Von Neumann Morgenstern expected utility preferences
and are therefore indiﬀerent to the timing of the resolution of uncertainty. This feature nulliﬁes the
”timing premium” in expected returns and hence eliminates most of the interesting dynamics, especially
in the ﬁxed-income market. Third, the model introduces a storage technology which eﬀectively ﬁxes
the real interest rate, and thus the term structure dynamics is trivial.
We intend to focus on the following seven problems in the standard asset pricing literature. In com-
parison with the data, the models generate (1) the level of the expected excess returns on equities and
ﬁxed-income products that are too low, (2) the risk-free rate that is too high and often too variable,
(3) the expected returns and conditional volatilities that do not vary over time, (4) the term premium
that is too low and nearly always negative, (5) ﬂat or downward sloping average term structure of real
interest rates, and (7) neither overreaction nor underreaction to releases of macroeconomic news. I shall
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preferences enhances the performance of the model along all these dimensions simultaneously.
2 Timing of Uncertainty and Asset Prices: Motivation
In the theoretical section that follows we endow investors with the recursive homothetic Epstein-Zin
preferences and let them prefer early resolution of uncertainty. We motivate such an assumption by
adapting the results from the work of Chew and Epstein (1989). Speciﬁcally, consider a two-period
economy where the investor has preferences described by the functional U. Denote δ[c,m] the measure
which assigns all mass to (c,m). There are two risky assets, with the relevant payoﬀs portrayed in
Figure 1. Let us assume that c1(1) > c1(2). The ﬁrst asset pays after a coin is ﬂipped at time t = 0.
In contrast, the second asset pays c0 in t=0, then the coin is ﬂipped and t = 1 payoﬀ c1 is determined.
Suppose the coin ﬂipped is biased, with the probabilities of α and 1 − α. The utility from buying
the ﬁrst asset is2
U (αδ[c0,c1(1)] + (1 − α)δ[c0,c1(1)]) (1)
2The notation purposefully follows Chew and Epstein (1989)
3Let us deﬁne the probability β in such a way that the investor is indiﬀerent between buying either asset,
that is,
U (αδ[c0,c1(1)] + (1 − α)δ[c0,c1(2)]) = U (δ[c0,βc1(1) + (1 − β)c1(2)]) (2)
The interpretation is that in equilibrium the investor must hold both assets. Chew and Epstein (1989,
p. 109) prove that if the investor prefers early to late resolution of uncertainty, the probability β must
be larger than α. In other words, the expected return on the second asset must be larger than the
expected return on the ﬁrst one
E[R1] ≡
αc1(1) + (1 − α)c1(2)
c0
<
βc1(1) + (1 − β)c1(2)
c0
≡ E[R2] (3)
This simple example suggests that risk premia on assets are crucially aﬀected by the way the uncertainty
about their payoﬀs unfolds. In fact, as we show hereafter, risk premia in expected returns on ﬁxed income
and equities contain a ”timing premium”. The existence of such a premium is completely missed by
expected utility speciﬁcations but it dramatically improves the ability of the model to account for
the stylized facts uncovered by empirical ﬁnance literature such as overreaction and underreaction to
macroeconomic news, for instance.
3 Theoretical Framework
3.1 Assumptions
We develop a dynamic economy with a single perishable consumption good and a continuum of identi-
cal investors whose measure is normalized to one. Let the four-tuple (Ω, F,{F(t)}t≥0, P) be a ﬁltered
probability space. We make the following additional assumptions.




= θ(t)dt + σD dZ(t) (4)
where {Z(t),F(t)}t≥0 is a Wiener process. Furthermore, the expected dividend growth rate {θ(t),F(t)}t≥0
is an unobservable Markov process with two states θ > θ, and the transition probability matrix between
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Expected dividend growth rate is never observable in ﬁnancial markets; it is always a latent variable.
This fact is often overlooked in many stylized Lucas-tree economies for the sake of tractability. Indeed,
Assumption I is essential. Not only is it a way of modeling changes in expected dividend growth rate
at random times, but it also leads to a ”signal extraction” problem that, as we shall see hereafter, gives
rise to interesting dynamics in asset prices missed in many other artiﬁcial Lucas-tree economies.
At this point, we need to ”review” two relatively technical results from the theory of optimal non-linear
ﬁltering [cf. Liptser and Shiryaev (2001)]. First, we invoke the deep result, conveniently summarized in
Lemma 1, saying that every Itˆ o process may be re-written as a diﬀusion. In order to do that, we specify
investors’ information sets {FD(t)}t≥0 as the ﬁltration generated by the dividend stream {D(t)}t≥0.
The economics of the following lemma is that the innovation dZ(t) as perceived by investors is a Wiener
process.
Lemma 1 The Itˆ o process for the dividend may be written as a diﬀusion with respect to a new Wiener







dt + σD dZ(t) (6)
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θπ(t) + θ[1 − π(t)]
 
dt + σD dZ(t) (7)
where
FD(t) = σ({D(s) : 0 ≤ s ≤ t}) (8)






Proof : Liptser and Shiryaev (2001). ♣
Second, investors need a precise estimate of the expected dividend growth rate in order to solve their con-
5sumption/portfolio problem. As a result, the a posteriori mean, or even better, the a posteriori proba-
bility becomes a state variable. The following lemma characterizes its dynamics as a time-homogenous
Markov diﬀusion.
Lemma 2 The a posteriori probability {π(t), FD(t)}t≥0 follows a time-homogenous Markov diﬀusion
process
dπ(t) = (λ + µ)[πs − π(t)]dt + v(π(t))dZ(t), π(0) given (10)
where the stationary distribution πs =
µ






π(1 − π) (11)
Proof : Liptser and Shiryaev (2001), Theorem 9.1, p. 355 ♣.
Assumption II. Investors are endowed with the recursive Epstein-Zin preferences deﬁned over con-
sumption. The ordinarily equivalent aggregator, for which the variance multiplier is zero [Duﬃe and






where (1−ρ)−1 is the elasticity of intertemporal substitution (EIS), 1−α is a coeﬃcient of risk aversion,
and δ denotes the subjective rate of time preference.
The assumption of the recursive homothetic Epstein-Zin (1989) preferences allows me to disentangle the
coeﬃcient of risk aversion from the elasticity of intertemporal substitution (EIS). This generalization is
important for several reasons. First, we need EIS greater than one in order for the price-dividend ratio
to increase in response to higher expected dividend growth rate. Secondly, we need the yardstick of risk
aversion greater than one to match the stylized facts in ﬁnancial markets such as the equity premium
or the return volatility. Third, due to the preference homotheticity, asset prices are not contingent on
the wealth level and the model becomes tractable. Last but not least, Epstein-Zin preferences allow
investors to care about the timing of the uncertainty. This leads to the ”timing premium” in expected
returns on assets [Chew and Epstein (1989)] and a new motive for precautionary savings.
Assumption III. The only asset in net positive supply, normalized to one, is the Lucas tree.
6Assumption IV. The price {S(t),FD(t)}t≥0 of the Lucas tree follows the Itˆ o process
dS(t) = (αS(t)S(t) − D(t))dt + gS(t)S(t)dZ(t) (13)
where the expected return {αS(t),FD(t)}t≥0 and the volatility {gS(t),FD(t)}t≥0 are determined en-
dogenously in the competitive equilibrium.
Assumption V. The price {B(t,T),FD(t)}t∈[0,T] of the default-free zero-coupon bond price with
maturity T follows the Itˆ o process
dB(t,T) = αB(t,T)B(t,T)dt + gB(t,T)B(t,T)dZ(t) (14)
where the expected return {αB(t,T), FD(t)}t∈[0,T] and the volatility {gB(t,T),FD(t)}t∈[0,T] are deter-
mined endogenously in competitive equilibrium.
3.2 Investors’ Problem
Let us denote w(t) the ﬁnancial wealth of a representative investor. The dynamic budget constraint
takes the form
dw = [aS(αS − r)w + aB(αB − r)w + rw − c]dt + w[aSgS + aBgB]dZ (15)
Further, let us denote the indirect utility function J(w(t),π(t)). Appendix A shows informally that this
”value function” solves the Hamilton-Jacobi-Bellman equation
0 = sup
{aS,aB,c}
{f(c,J(w,π)) + DJ(w,π)} (16)
where the Dynkin operator D takes the usual form. See Duﬃe and Epstein (1992) for the rigorous
treatment.
73.3 Equilibrium
Deﬁnition I. A rational expectations equilibrium (REE) is given by the tuple
{S(w,D,π), B(w,D,π,T), aS(w,S,B,D,π), aB(w,S,B,D,π), c(w,S,B,D,π)}
where S(w,D,π) and B(w,D,π,T) are the price of the Lucas tree and the price of indexed zero-coupon
bond with maturity T, respectively, for a given ﬁnancial wealth level w, dividend level D and belief π.
Furthermore, aS(w,S,D,π) and aB(w,S,D,π) are the demands for the Lucas tree and the zero-coupon
bond, respectively, and c(w,S,D,π) is the optimal consumption level such that
(i) Utility Maximization. The triple {c(•), aS(•), aB(•)} maximizes investors’ intertemporal utility,
deﬁned recursively by
V (t) = E




   
  FD(t)
 
subject to the dynamic budget constraint
dw = [aS(αS − r)w + aB(αB − r)w + rw − c]dt + w[aSgS + aBgB]dZ
(ii) Market clearing. The prices of the Lucas tree S(•) and the zero-coupon bond B(•) adjust so that
the ﬁnancial market clears, that is,
aS(w,S(w,D,π),B(w,D,π,T),D,π) = 1
aB(w,S(w,D,π),B(w,D,π,T),D,π) = 0
for every triple (w,D,π). Walras’ law implies market clearing in the goods market, that is,
c(w,S(w,D,π),B(w,D,π,T),D,π) = D
for every triple (w,D,π).
Note that in contrast to Veronesi (1999), we do not assume existence of a storage technology with
a ﬁxed rate of return equal to the real interest rate r. Instead, we allow the real interest rate to be
determined endogenously, which is arguably more realistic, and, moreover, it generates new interesting
8dynamics of asset prices in the ﬁxed income market. This generalization is reﬂected in the market
clearing condition for indexed bonds (TIPS).
The following proposition provides a semi-analytic solution for the indirect utility function of the in-
vestors’ problem in terms of a solution of a certain diﬀerential boundary value problem3.
Proposition 1 The value function J(w,π) takes the form





where the function z : (0,1) → R+ solves the boundary value problem
0 = a3(x)z′′(x) + a2(x)z′(x) + a1(x)
z′(x)2
z(x)
+ a0(x)z(x) + 1 (18)
subject to two boundary conditions at ∂(0,1) of the form




D)z(0) + 1 (19)




D)z(1) + 1 (20)
The functions a3(x), a2(x), a1(x) and a0(x) are displayed in Appendix B.
Proof : See Appendix B. ♣
4 Results
In what follows, we solve numerically the aforementioned model using Matlab and C++. All results
correspond to an empirically calibrated artiﬁcial Lucas-tree economy. The next section brieﬂy describes
the estimation procedure. The next two sections focus on the behavior of asset prices in the equity and
ﬁxed income markets, correspondingly. In ﬁxed income section, we take as a benchmark the economy
where investors are indiﬀerent to the timing of the resolution of uncertainty in which case all prices are
aﬃne functions of the a posteriori probability π.
3The boundary value problem is solved numerically using a ﬁnite diﬀerence code. We use MatlabTM implementation of
the three-stage Lobatto IIIa collocation formula, which provides a C1
[0,1] solution that is a fourth order accurate uniformly
in [0,1].
94.1 Hidden Markov Chain for the Real Dividends: Estimation
All parameters corresponding to the signal extraction problem are empirically inferred. To that end,
we have obtained the data on real dividends from Professor Shiller’s web page, sample period Jan 1951
- June 2004. These are converted to growth rates. Then, we estimate a two-state univariate hidden
Markov-switching model for the simple growth rate of the real dividends
Dt+1 − Dt
Dt
= θ(st) + σζt+1 (21)
with ζt ∼ i.i.d.N(0,1), using the Hamilton’s (1990) EM algorithm (see Appendix for details of estima-
tion). The estimates are presented in Table 1; Panel A displays the estimated growth rates in dividends
in booms θ and busts θ, the volatility of dividends σD and the a priori probability of the high state ρ.
Panel B displays the estimated transition probability matrix. All estimates are monthly.
4.2 The Equity Market
4.2.1 Overreaction and Underreaction to Macroeconomic News
Proposition 2 The equilibrium price-dividend ratio S(t)/D(t) ≡ z(π(t)), where the function z :
(0,1) → R solves the boundary value problem in Proposition 1.
Proof : See Appendix B. ♣
Characterizing the properties of the function z(π) analytically is hard due to the dependence on the
signs and magnitudes of the many parameters entering the diﬀerential equation. We proceed as follows.
It is intuitive that the price-dividend ratio should increase in response to a rise in the expected div-
idend growth rate. This property hinges crucially on the magnitude of the elasticity of intertemporal
substitution EIS, that is, whether EIS is greater or less than one. Numerically, it turns out that we
need EIS > 1 to have this property. In such a case, the function z(π) turns out to positive and convex.
Figure 3 updates the results in Veronesi (1999) for the price-dividend ratio of the Lucas tree when
EIS ∈ {1.5, 2} and the coeﬃcient of risk aversion 1 − α ∈ {1, 5, 10, 20}. To make comparisons easier,
we also normalize the functions to have a common starting value. The convexity of the function z(π)
has essential implications for the sensitivity of the price-dividend ratio to changes in beliefs. In partic-
ular, suppose that times are good (i.e. π is close to 1). A bad piece of news is doubly bad. Not only
is the expected growth rate of dividends lower but the uncertainty about the fundamentals increased.
10And investors are willing to hedge against these changes in the their own uncertainty. Therefore, the
price-dividend ratio drops more compared to the full information case. This is the ”over-reaction to
bad news in good times” eﬀect of Veronesi (1999).
4.2.2 Stochastic Volatility
Let us recall the deﬁnition of the conditional volatility of the return on the Lucas tree gS(t) ,
Et{(dS(t)/S(t))2}/dt.
Proposition 3 The equilibrium conditional volatility of the return on the Lucas tree is given by the
formula




Proof : See Appendix B. ♣











Clearly, if the price-dividend ratio St/Dt is a constant, the only reason that returns vary is that the
real dividend growth rate varies. This is reﬂected in the term σD in the Proposition. The additional
term v(π)z′(π)/z(π) reﬂects the contribution of a time-varying price-dividend ratio. Note that this
term tends to maximized when the uncertainty about the true state of the economy is highest, that
is, π ≈ 1/2, the intuition being that during periods of high uncertainty, each new piece of information
receives a large weight in the updating process of an posterior distribution4. But investors are cognizant
that their expectations of future dividend growth will shift around a lot in times of uncertainty and
their desire to hedge against their own uncertainty aﬀects the equilibrium prices and hence returns.
Veronesi (1999) decomposes the equilibrium conditional volatility of equity returns into so-called uncer-
tainty and risk-aversion components. The uncertainty component measures the volatility that comes
solely from investor’s ambivalence and it would be observed even in risk-neutral world. In contrast, the
risk-aversion component v(π)z′(π)/z(π) stems from the investor’s desire to hedge against the changes
in their own uncertainty and is absent in risk-neutral world.
4That this is so may be seen by investigating the functional form of v(π), which is the variance of dπ.
114.2.3 Time-Varying Expected Returns
Due to investors’ desire to hedge against the changes in their own uncertainty, periods of a high un-
certainty are naturally times of high expected returns to compensate for high return volatility. It is
therefore not surprising to ﬁnd that the expected returns are time-varying
Proposition 4 The equilibrium expected excess return is
αS(π) − r









(1 − α)σD gS(π)






      
Timing Premium
(24)
Proof : See the Appendix. ♣
This proposition demonstrates a beautiful decomposition of the equity risk premia in expected returns
into the CCAPM-type risk premium, and the ”timing premium” due to the preference for early reso-







The timing premium is absent in case of the canonical von Neumann-Morgenstern expected utility
preferences (i.e. α = ρ) as investors are indiﬀerent to the timing of uncertainty.
5 Fixed Income Market
The exciting model pioneered by Veronesi (1999) is by design unable to account for the salient features
of the asset price dynamics in ﬁxed income markets. Veronesi assumes the existence of a storage tech-
nology, eﬀectively ﬁxing the short-term real interest rate, and thus the dynamics of the term structure
of real interest rates is trivial.
This section is the kernel of our paper. We show that endogenizing the real interest rate by allowing
investors to issue IOUs5, and breaking the tight parametric link between the coeﬃcient of risk aversion
and the elasticity of intertemporal substitution by means of the recursive homothetic Epstein-Zin (1989)
preferences, helps account for the salient features of ﬁxed income product prices. In particular, we show
that the model is able to generate time-varying expected excess returns on indexed bonds (i.e. TIPS or
U.K. indexed gilts), volatility clustering and overreaction and underreaction to macroeconomic news.
5IOU stands for ’I owe you’.
125.1 The Benchmark Case: Expected Utility Preferences
The objective of this section is to derive the dynamics of the term structure of real interest rates within
the framework of Von Neumann Morgenstern expected utility theory. There are several reasons why this
is an excellent starting point. This preference speciﬁcation seems to be prevalent in the macro-ﬁnance
literature as it is amenable to economic analysis, often yielding closed-form formulas for asset prices.
Yet it is not elegant enough to explain the series of the stylized facts which are at the heart of this
paper. Hence, it serves as a credible benchmark.
One of the essential assumptions of our model is that the state of the macroeconomy, in our case,
the expected dividend growth rate, is unobservable. The optimal mean square estimate is a linear
function of the a posteriori probability of boom π. In times of high investors’ conﬁdence as to the
state of the macroeconomy, π is close to the natural entrance barriers 0 and 1. In contrast, when π is
close to 1/2, investors are incognizant of the true fundamentals. As a result, they are willing to hedge
against changes in their own uncertainty, for example, by means of saving for a rainy day, so-called
precautionary saving. However, the independence axiom of the expected utility dictates indiﬀerence
to the timing of uncertainty, which shuts down this channel of precautionary saving. And because the
volatility of the income stream (dividends) is homoscedastic, the total precautionary saving is ﬁxed.
There are three factors that jointly determine the level of the real interest rate. First, investors prefer
to consume now rather than later. This feature is captured by the subjective rate of time preference
δ. The stronger the preference for today’s consumption, the higher the real interest rate has to be,
given the income stream. Second, the real interest rate depends on the intertemporal substitutability
of consumption, as captured by the elasticity EIS. The steeper the expected consumption proﬁle is,
given EIS, the stronger the investors’ willingness to borrow against future income. However, not every-
one may borrow in equilibrium, and therefore the real interest rate has to increase. Finally, investors’
prudence dictates to save against rainy day, which tends to lower the real interest rate (precautionary
savings motive).
In our model, the expected consumption growth is an aﬃne function of the a posteriori probabil-
ity π. And the independence axiom dictates that the precautionary saving is ﬁxed. In light of all this
13discussion and the intuition from undergraduate two-period models, it comes as no surprise that the
real interest rate itself is an aﬃne function of π.
Proposition 5 The equilibrium real interest rate {r(t),FD(t)}t≥0 lies in the compact set [r,r], and it
is an aﬃne function of the posterior probability π(t) of the expansion state θ,
r(t) = r + (1 − α)(θ − θ)π(t) (25)
The lower and upper bounds are deﬁned by
r = δ + (1 − α)θ −
1
2
(1 − α)(2 − α)σ
2
D (26)
r = r + (1 − α)(θ − θ) (27)
Proof : See the Appendix. ♣
With the independence axiom, the real interest rate is an aﬃne function of the state variables (the a
posteriori probability π(t)), and, as a result, fails to over- or under- react to releases of macroeconomic
news.
Because the preferences are homothetic, the indexed bond prices B(t,T) do not depend on the wealth
w(t) [Cox, Ingersoll and Ross (1985)]. In fact, they are a solution of a Black-Scholes-type parabolic
partial diﬀerential equation (PDE) in the variables (t,π(t)). Careful numerical analysis of the PDE in
terms of the Crank-Nicholson scheme suggests that the solution is linear. This motivates the following
proposition that displays the discovered analytical solution.
Proposition 6 The time-t price B(t,T) = B(π(t),t;T) of a zero-coupon bond with maturity T is
B(π,t;T) = [(1 − α)(θ − θ)π(t) 1] · e−Q (T−t) · [0 1]′ (28)
where the matrix Q is displayed in Appendix B.
Proof : See Appendix B. ♣
Bond prices are aﬃne functions of the a posteriori probabilities, and henceforth do not overreact or
underreact to the releases of the macroeconomic news. This result is dramatically overturned as soon
14as we allow investors to ”care” about the timing of uncertainty by relaxing the independence axiom.
5.2 The Case of Non-Expected Epstein-Zin Preferences
Recursive Epstein-Zin (1989) preferences represent a major breakthrough in the modeling of the ﬁnan-
cial markets. Although tightly parametrized, they allow us to disentangle the coeﬃcient of relative risk
aversion, which controls the ability to substitute across states of the world, from the elasticity of in-
tertemporal substitution, which controls the ability to substitute consumption intertemporally. In fact,
Epstein-Zin preference speciﬁcation is based upon the relaxation of the independence axiom whereby
investors ”care” about the timing of the resolution of uncertainty. This arguably realistic feature gives
rise to new, additional, dynamics in the prices of ﬁxed income products, missed in the canonical models.
Let us look ﬁrst at the behavior of the real interest rate.
Proposition 7 The equilibrium real interest rate {r(t),FD(t)}t≥0 follows the Itˆ o process
r = δ + (1 − ρ)[π θ + (1 − π)θ] −
1
2











      
precautionary saving due to preference
for early resolution of uncertainty
Proof : See the Appendix. ￿
The ﬁrst three terms on the right are familiar from the canonical expected utility models and were
discussed in the previous section. As may be seen, the preference for early resolution of uncertainty
(α > ρ) strengthens the precautionary savings motive of investors. The uncertainty in the economy
is captured by the a posteriori probability π. When π is close to the natural entrance barriers 0 and
1, investors are well-informed as to the state of the economy. However, as π moves toward 1/2, un-
certainty as to the state of the economy rises and investors want to hedge against this uncertainty by
saving more. In equilibrium, they cannot and hence the real interest rate is driven down. In contrast
to the third term on the right-hand side of the equation, the precautionary savings motive stemming
15from the preference for early resolution of uncertainty is time-varying6.
Furthermore, the real interest rate overreacts to bad news in good times and underreacts to good
news in bad times (see Figure 6). Intuitively, suppose that π is close to 1 and investors receive a
bad piece of macroeconomic news. Such a piece of news is doubly bad. Not only does it mean a
lower expected consumption growth rate but it also raises the uncertainty in the economy, and thereby
strengthens the demand for precautionary savings7. Furthermore, as Figure 6 shows, the real interest
rate can be non-Markov if the CRRA coeﬃcient is large enough, even if there are only two states8.
5.2.1 Indexed Bond Prices
Proposition 8 The price of a zero-coupon indexed bond B(t,T) = B(π(t),t;T) is the unique solution
to the backward parabolic partial diﬀerential equation
0 = ∂tB + β2(π)∂ππB + β1(π)∂πB + β0(π)B (29)
subject to the ﬁnal condition B(π,T) ≡ 1 and two boundary conditions at ∂(0,1) of the form
0 = ∂tB + β1(0)B + β0(0)B (30)
0 = ∂tB + β1(1)B + β0(1)B (31)
where the functions βi(π), i = 0,1,2 are displayed in Appendix B.
Proof : See the Appendix. ￿
Figure 7 portrays the prices of indexed bonds as a function of the a posteriori probability π for 4
maturities: 3 months, 1 year, 5 years and 30 years. Note that the price functions B(π,t;T) are
concave. This feature is similar to the convexity of the price-dividend ratio in the sense that a piece
of bad information received in good times leads to a much larger price movement than a good piece of
information in bad times. Thus, indexed bond prices overreact to bad news in good times and underreact
6See the exciting work of Campbell and Cochrane (1999) for another model of time-varying precautionary saving
motive.
7Of course, the latter eﬀect is present only if investors have a preference for early resolution of uncertainty. Otherwise,
they would be happy with uncertainty increased, and the real interest rate would underreact to bad news. But a preference
for late resolution of uncertainty is counterintuitive as risky assets such as equities whose payoﬀ uncertainty resolves late
in the future would command even smaller risk premia compared to the canonical models, wildly contrary to the empirical
stylized facts.
8See Pakos and Pomorski (2006) for a non-Markov term structure model of real interest rates.
16to good news in bad times. That this is so is not surprising given the behavior of the real interest rate.
In fact, the over- and under-reaction are strongest for the shortest maturities. Furthermore, note that
when the coeﬃcient of risk aversion is high enough, good news in bad times (i.e. π close to zero) may
actually not move the market at all.
5.2.2 Stochastic Volatility
It is a well-known stylized fact that asset returns exhibit volatility clustering. The explanation of this
phenomena in case of equities may be found for instance in Veronesi (1999). The following proposition
demonstrates that once we endogenize the real interest rate, the conditional volatility of indexed bond
returns varies over time.
Proposition 9 The equilibrium conditional volatility of the return on indexed bond with maturity T is





Proof : See Appendix B. ￿
As we saw above, the bond price is in general a concave function of the a posteriori probability π.
The special case is when the investors are indiﬀerent as to the timing of uncertainty. In such a case,
the conditional volatility attains its maximum absolute value for π = 1/2, which is dictated by the
functional form of v(π). In general, the timing of uncertainty as reﬂected in the term ∂πB /B enriches
the behavior of the conditional volatility (see ﬁgure 9).
5.2.3 Time-Varying Expected Excess Returns
The following theorem proves the existence of time-varying risk premia in expected returns on longer-
vs. shorter- term indexed bonds. The risk premia themselves have two sources of origin. One is the
standard risk premium in a full information economy. The other stems from the interaction of the
hedging demands with the preference for early resolution of uncertainty. We term this premium the
”timing premium”.
17Proposition 10 The equilibrium expected excess return on the zero-coupon indexed bond is
αB(π,t;T) − r









(1 − α)σD gB(π,t;T)














      
Timing Premium
(33)
Proof : See the Appendix. ￿
The proposition shows a beautiful decomposition of the expected excess return on indexed bonds into
the compensation for the consumption risk (i.e. CCAPM Premium) and the compensation for the tim-






If investors have Von Neumann Morgenstern’s expected utility preferences (i.e. α = ρ), the timing
premium is zero.
Figure 8 displays the behavior of the term premium on indexed bonds as a function of the a posteriori
probability π for relevant parameter values. The left panel considers the case EIS = 1.5 and the right
panel EIS = 2.0. In both cases, γ ∈ {1, 5, 10, 20}. Note that the model allows for a changing sign of
the term premium.
6 Conclusion
This paper develops a dynamic rational expectations general equilibrium model in order to explain
a series of salient features of equity and ﬁxed income markets. A particular focus is placed upon
accounting for the overreaction and underreaction to macroeconomic news, volatility clustering, time-
varying expected excess returns as well as matching the moments of the equity premium and the
risk-free rate. The model features an unobservable dividend growth rate switching between two states
at random times which leads to an interesting ”signal extraction” problem. In addition, investors have
a preference for early resolution of uncertainty, modeled by means of recursive homothetic Epstein-Zin
preferences. The paper shows that the blend of these two features enriches the canonical Lucas-tree
economy suﬃciently to succeed in accounting for the aforementioned stylized facts.
9Recall that investors prefer early resolution of uncertainty if α > ρ.
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20A Hamilton-Jacobi-Bellman Equation as a Limit of the Bell-
man Equation
This appendix provides an informal derivation of the Hamilton-Jacobi-Bellman (HJB) equation for the case of Kreps-
Porteus preferences (see Duﬃe and Epstein (1992) for a rigorous treatment). Let us denote Vt the indirect utility function.























t + (1 − δ) [Et(αJt+1)]ρ/α (36)






























We can express Et[∆Jt+∆t] = DJ ∆t + ¯ o(∆t), where D is the Dynkin operator. Furthermore, using (1 + x)k =






















(αJ)ρ/α− 1 + DJ (40)
B Hamilton-Jacobi-Bellman Equation
Let us denote the Dynkin operator D. It is straightforward to verify that in our problem it takes the following form











+ (λD + µD)(πs − π)∂πJ +
1
2
v(π)2 ∂ππJ + v(π)w(aSgS + aBgB)∂wπJ








(αJ)ρ/α − 1 + DJ
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(41)
We make an educated guess of the value function in the form









The only asset in net positive supply in this economy is the Lucas tree. Because all agents are homogenous, this implies
that the investor’s wealth w equals the value of the Lucas tree S, that is, w = S. This may be easily veriﬁed formally
by imposing the equilibrium conditions on the budget constraint and use the canonical decomposition for continuous
semi-martingales. As a result, we obtain that the wealth-consumption ratio w/c equals in equilibrium the price-dividend




Cross-multiplying by D, using Itˆ o lemma, and invoking the canonical decomposition for continuous semi-martingales
yields (1) the functional form for the conditional stock volatility as




and (2) the functional form the conditional expected return as
αS , αS(π) =
1
z(π)












The ﬁrst-order condition for the interior optimum with respect to aS yields








Substituting the previous results into the HJB, we obtain, after tedious algebra, the result that the unknown function
z(x) solves the diﬀerential equation
0 = a3(x)z′′(x) + a2(x)z′(x) + a1(x)
z′(x)2
z(x)






a2(x) = (λ + µ)(πs












To determine the boundary conditions, we need to take a close look at the diﬀerential equation as x ↓ 0 and x ↑ 1. We
know that the value of the price-dividend ratio must be ﬁnite. We can use this condition to deduce boundary conditions
from the ODE. Firstly, we claim that
lim
x→∂(0,1)
x2(1 − x)2 z′′(x) = 0 (53)







It is a simple exercise in calculus10 to show that upon integration twice, the price-dividend ratio z(x) explodes as
x → ∂(0,1).
Second, we claim that
lim
x→∂(0,1)
x(1 − x)z′(x) = 0 (55)







and hence upon integration, the price-dividend ratio explodes on the boundary. Similarly, one may show that
lim
x→∂(0,1)
x2(1 − x)2z′(x) = 0 (57)






22As a result, we conclude that the correct boundary conditions at ∂(0, 1) are




D)z(0) + 1 (58)




D)z(1) + 1 (59)
(60)
The 2nd-order ODE equation subject to the two boundary conditions constitutes a boundary value problem that may be
recast as a system of 1st-order ODEs as follows
z′























D)z1(0) + 1 (63)




D)z1(1) + 1 (64)
(65)
C Bond Pricing Equation
Because the preferences are homothetic, the bond price is a Borel function of the posterior probability π(t) and time t,
that is, B(t) = B(π, t). The necessary condition for interior optimum with respect to fraction of wealth held in bonds
aB(t) is







Recall the dynamics of the bond price
dB(t)
B(t)
= αB(t)dt + gB(t)dZ(t) (67)
Apply Itˆ o lemma to B(π,t) and compare the drift and the volatility with the above two equations to get the result that
the zero-coupon bond price B ∈ C2
(0,1)×(0,T) satisﬁes the following backward parabolic PDE














δ + (1 − ρ)(πθ − (1 − π)θ) −
1
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To determine the boundary conditions, we need to take a close look at the pricing equation as π ↓ 0 and π ↑ 1. We
know that the value of the bond must be ﬁnite. We can use this condition to deduce boundary conditions from the PDE.
Firstly, we claim that
lim
π→∂(0,1)
β2(π)∂ππB = 0 (72)







It is a simple exercise in calculus to show that upon integration twice, the bond price B explodes as π → ∂(0,1).
Second, we claim that
lim
π→∂(0,1)
π(1 − π)∂πB = 0 (74)







and hence upon integration, the bond price explodes on the boundary. Similarly, one may show that
lim
π→∂(0,1)
π2(1 − π)2∂πB = 0 (76)
As a result, we conclude that the correct boundary conditions are
0 = ∂tB + (λ + µ)πs ∂πB + β0(0)B (77)
0 = ∂tB + (λ + µ)(πs − 1)∂πB + β0(1)B (78)
In the special case of expected utility (i.e. α = ρ), there exists an analytical solution. In fact, make the educated guess
that
B(π,t;T) = (1 − α)(θ − θ)π Φ1(t; T) + Φ2(t; T) (79)
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(λ + µ)(r − rs) r
–
(81)
The ﬁnal condition for Φ1(T;T) and Φ2(T;T) dictated by B(π,T;T) = 1 is Φ1(T;T) = 0 and Φ2(T;T) = 1. The ODE





= e−Q(T−t) · [0 1]′ (82)
and upon substitution in the original guess we get the desired result.
D Numerical Analysis of the Bond Pricing Equation: Crank-
Nicholson Scheme
The zero-coupon bond price B ∈ C2
(0,1)×(0,T) satisﬁes the following backward parabolic PDE
0 = ∂tB + β2(π)∂ππB + β1(π)∂πB + β0(π)B (83)
subject to the ﬁnal condition B(π,T) = 1 and two boundary conditions at ∂(0,1) of the form
0 = ∂tB + (λ + µ)πs ∂πB + β0(0)B (84)
0 = ∂tB + (λ + µ)(πs − 1)∂πB + β0(1)B (85)
We approximate the partial derivatives using ﬁnite diﬀerences and solve the problem numerically using the Crank-
Nicholson scheme. That is, we divide the π-axis into equally spaced nodes a distance δπ apart, and the t-axis into equally
spaced nodes a distance δt apart. This divides the (π,t) plane into a mesh, where the mesh points are of the form
(nδ π, mδt), n = 0,...,N; m = 0,...,M and N = 1/δπ, M = T /δT. We write
Bm
n = B(nδπ, mδt) (86)












(δπ)2 + O((δπ)2) (88)
Because the Crank-Nicholson scheme is essentially an average of the implicit and the explicit ﬁnite diﬀerence scheme, we

































































The famous Crank-Nicholson scheme is essentially a simple average of the explicit and implicit ﬁnite-diﬀerence schemes.
It can be shown that it is precise up to O
`
(δt)2 + (δπ)2´
. In order not to compromise the precision as well as the stability
of the scheme, it is necessary to approximate the boundary conditions up to O
`
δt + (δπ)2´






















which is simple to prove using Taylor-series expansion. The code is implemented in C++ and is available upon request.
E Estimation of 2-State Univariate Markov-Switching Model:
EM Algorithm
We use Hamilton’s (1990) EM algorithm to estimate a 2-state univariate markov-switching model for the growth rate of







. Hamilton (1990, section





t=2 p(st) = j,st−1 = i|Y;λl)
PT
t=2 p(st−1 = i|Y;λl)













× p(st|Y;λl) = 0 (97)
ρl+1
i = p(s1 = i|Y;λl), i,j = 1,2 (98)
The EM algorithm starts at iteration l = 0 with an arbitrary guess for the parameter λl = λ0. In order to implement the
procedure, we need to compute the smoothed probabilities p(st|Y) and p(st,st−1|Y). Let Yt denote a vector consisting




























































26Table 1: Estimates of a Two-State Univariate Markov-Switching Model For the Growth Rate in Real
Dividends, Monthly Data






















NOTE - Using Hamilton’s (1990) EM algorithm, we estimate a two-state univariate Markov-switching model
for the growth rate of the time series of S&P 500’s real dividends
Dt+1 − Dt
Dt
= θ(st) + σD ζt+1 (110)
where ζ ∼ N(0,1). Asymptotic standard errors are in parentheses. Sample period Jan 1951 - June 2004.
27Figure 2: Time Series of the Estimated Posterior and Smoothed Probabilities of the High State




















Posterior Probability of the High State



















Smoothed Probability of the High State










. Estimation is performed using the Hamilton’s (1990) EM algorithm. The data
is real S&P 500 dividend growth rate, obtained from Prof. Shiller’s web site. Sample period Jan 1951
- June 2004.






































































NOTE - We estimate a two-state univariate Markov switching model by the EM algorithm of Hamilton
(1990). The estimated parameters are summarized in Table 1. We furthermore choose the subjective
rate of time preference δ = 0.0017 per month, which is 2% per year. We consider two values for
the elasticity of intertemoporal substitution EIS ∈ {1.5, 2} and four values for the coeﬃcient of risk
aversion {1, 5, 10, 20}. We then solve numerically the boundary value problem in the main text using
Matlab. The price-dividend ratios are normalized to have a common starting value.




















































































































NOTE - We estimate a two-state univariate Markov switching model by the EM algorithm of Hamilton
(1990). The estimated parameters are summarized in Table 1. We furthermore choose the subjective
rate of time preference δ = 0.0017 per month, which is 2% per year. We consider two values for
the elasticity of intertemoporal substitution EIS ∈ {1.5, 2} and four values for the coeﬃcient of risk
aversion {1, 5, 10, 20}. We then solve numerically the boundary value problem in the main text using
Matlab.




























































































NOTE - We estimate a two-state univariate Markov switching model by the EM algorithm of Hamilton
(1990). The estimated parameters are summarized in Table 1. We furthermore choose the subjective
rate of time preference δ = 0.0017 per month, which is 2% per year. We consider two values for
the elasticity of intertemoporal substitution EIS ∈ {1.5, 2} and four values for the coeﬃcient of risk
aversion {1, 5, 10, 20}. We then solve numerically the boundary value problem in the main text using
Matlab.



























































































NOTE - We estimate a two-state univariate Markov switching model by the EM algorithm of Hamilton
(1990). The estimated parameters are summarized in Table 1. We furthermore choose the subjective
rate of time preference δ = 0.0017 per month, which is 2% per year. We consider two values for
the elasticity of intertemoporal substitution EIS ∈ {1.5, 2} and four values for the coeﬃcient of risk
aversion {1, 5, 10, 20}. We then solve numerically the boundary value problem in the main text using
Matlab.



















































NOTE - We estimate a two-state univariate Markov switching model by the EM algorithm of Hamilton
(1990). The estimated parameters are summarized in Table 1. We furthermore choose the subjective
rate of time preference δ = 0.0017 per month, which is 2% per year. We consider the elasticity of
intertemoporal substitution EIS = 2.0, and four values for the coeﬃcient of risk aversion {1, 5, 10, 20}.
We then solve numerically the boundary value problem in the main text using Matlab.








































































NOTE - We estimate a two-state univariate Markov switching model by the EM algorithm of Hamilton
(1990). The estimated parameters are summarized in Table 1. We furthermore choose the subjective
rate of time preference δ = 0.0017 per month, which is 2% per year. We consider two values for
the elasticity of intertemoporal substitution EIS ∈ {1.5, 2} and four values for the coeﬃcient of risk
aversion {1, 5, 10, 20}. We then solve numerically the boundary value problem in the main text using
Matlab. Term premia are expected returns on 30-year indexed bond in excess of 1-month real interest
rate. Left ﬁgure corresponds to EIS = 1.5 and the right one to EIS = 2.0.





























































































NOTE - We estimate a two-state univariate Markov switching model by the EM algorithm of Hamilton
(1990). The estimated parameters are summarized in Table 1. We furthermore choose the subjective
rate of time preference δ = 0.0017 per month, which is 2% per year. We consider two values for
the elasticity of intertemoporal substitution EIS ∈ {1.5, 2} and four values for the coeﬃcient of risk
aversion {1, 5, 10, 20}. We then solve numerically the boundary value problem in the main text using
Matlab. The maturity of bonds is 30 years.
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